
WEAKLY ISOTROPIC QUADRATIC FORMS

UNDER FIELD EXTENSIONS

CLAUS SCHUBERT

Abstract. For a field F of characteristic not 2, let û(F ) denote the maximal

dimension of anisotropic, weakly isotropic, non-degenerate quadratic forms
over F . In this paper, we investigate the behavior of this invariant under field

extensions.

1. Introduction and Preliminaries

Let F be a field of characteristic not 2. In this paper, a “(quadratic) form” over
F always means a non-degenerate quadratic form. Denote by WF the Witt ring
of F , i.e., the ring of equivalence classes of non-degenerate quadratic forms over F .
We denote the torsion subgroup of WF by WtF . Over F , we consider three classes
of quadratic forms and define

u(F ) := max{dimϕan | ϕ ∈WtF}, the “(general) u-invariant” of F

û(F ) := max{dimϕan | ϕ ∈WF weakly isotropic}
ũ(F ) := max{dimϕan | ϕ ∈WF totally indefinite}, the “Hasse number” of F

Over any field F we have u(F ) ≤ û(F ) ≤ ũ(F ). Over non-formally real fields
these invariants all coincide. One is interested in the behavior of these invariants
under field extensions, specifically of conditions for when “Going Up” and “Going
Down” hold (i.e., finiteness of the respective invariant in the base field implies
finiteness in the extension field, and vice versa). Going Up and Going Down of
finiteness of the u-invariant is well-understood at least under finite field extensions
(see [EL76], [Elm77], [Sch07]). Similarly, Going Up and Going Down of finiteness
of the Hasse number under finite field extensions has been settled (see [Pre78],
[PW79],[EP84]). The û-invariant has not been studied as extensively as the others.
If the Hasse number of a field F is finite, it is already equal to û(F ). Recently, K.
Becher showed that û(F ) is a meaningful invariant in its own right by constructing
formally real fields F with I3F torsion-free, u(F ) = 2m, û(F ) = 2n and ũ(F ) =∞
for any 2 ≤ m ≤ n <∞ ([Bec06b]). In general, this invariant appears more difficult
to handle than both the u-invariant and the Hasse number. Nevertheless, a few
known results have analogues for the û-invariant. In the current paper, we start
investigating the behavior of this invariant under field extensions, with a focus on
quadratic extensions.

Section 2 uses a construction by A. Prestel (cf. [Pre78]) to show that finiteness
of û(F ) does not, in general, go down quadratic extensions. A different type of
construction in Section 3 will show that even in case of finite reduced stability,
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finiteness of û(F ) does not, in general, go up quadratic extensions either. In Section
5 we exploit the connection between the property S1 and finiteness of û(F ) to prove
a Going Up result for totally positive quadratic extensions and Going Down for
any finite extension K/F such that all the orderings of F extend to K, under the
additional assumption that F has finite ordering space.

We use standard notation and results from the algebraic theory of quadratic
forms over fields as presented in [Lam05] or [EKM08].

If F is a formally real field, then an ordering of F is a subset α ⊂ F× satisfying
(1) α+α ⊂ α, (2) α·α ⊂ α, (3) α∩−α = ∅ and (4) α∪−α = F×. An element a ∈ F×
is called positive with respect to α if a ∈ α and negative with respect to α otherwise.
If ϕ ∼= 〈a1, . . . , an〉 is a form over F and r is the number of ai that are positive
and s the number of ai that are negative with respect to α, then the signature of
ϕ at α is sgnα ϕ := r − s. A form ϕ is called definite at α if | sgnα ϕ| = dimϕ
and indefinite at α otherwise. A form is called totally indefinite if it is indefinite at
every ordering α.

The set of orderings of a formally real field F , denoted by XF , is a topological
space with a subbasis given by the Harrison sets H(a) consisting of all the orderings
α such that a is positive with respect to α.

We will use some results from a more abstract version of these concepts but
translate these into the field case in this paper. Spaces of orderings (X,G) are
defined in [Mar96]. In the case of a formally real field F , we denote by GF the
group of generalized square classes F×/σ(F ), where σ(F ) = {x21 + . . . + x2n | xi ∈
F×, i = 1, . . . , n}. We may view an element of XF as a character on GF (i.e.,
a group homomorphism from GF to {−1, 1}) and dually, an element of GF as a
map from XF to {−1, 1}. Then (XF , GF ) is a space of orderings in the sense of
[Mar96]. The chain length cl(XF ) of XF is the maximum integer k such that there
are a0, . . . , ak ∈ GF with H(a0) $ H(a1) $ . . . $ H(ak), or∞ if no such maximum
exists. A morphism of spaces of orderings is a map f : X2 → X1 such that for
each g ∈ G1 the map g ◦ f : X2 → {±1} is an element of G2. The induced group
homomorphism G1 → G2 sending g to g◦f will also be denoted by f . In particular,
if XK and XF are the ordering spaces of formally real fields K and F , respectively,
then this construction leads to a ring homomorphism WredF → WredK, where
WredF := WF/WtF .

Given spaces of orderings (Xi, Gi), i = 1, . . . , n, their direct sum
⊕n

i=1(Xi, Gi)
is the space (X,G), where X is the disjoint union of the Xi and G is the direct
product of the Gi. If all the Xi have finite chain length, then (X,G) is realizable
as the ordering space of a formally real Pythagorean field F (cf. [Mar96]).

If G is any multiplicative group of exponent 2 with a distinguished element e 6= 1,
then a fan is the pair (T,G) where T = {x ∈ Hom{G, {±1}} | x(e) = −1}. The
stability stX of a space of orderings (X,G) is the maximum integer n such that
there exists a fan (T,H) with T ⊂ X, H ⊂ G and |T | = 2n, or ∞ if no such
maximum exists. If (XF , GF ) is the space of orderings of a formally real field F ,
then the stability of XF is called the reduced stability of F , denoted by str F (this
definition of reduced stability is equivalent to the “usual” definition, cf. [Mar96]).
We say F satisfies the strong approximation property (SAP) if str F ≤ 1. By [Brö74,
Satz 3.17], str F ≤ n if and only if In+1F = 2InF + In+1

t F where InF is the n-th
power of the fundamental ideal IF in the Witt ring WF and Int F = InF ∩WtF .
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For a valuation ν on F we will denote by Γν and F ν the value group and residue
class field of ν, respectively.

A quadratic form ϕ is called weakly isotropic ifmϕ is isotropic for some integerm.
Equivalently, ϕ ∼= 〈a1, . . . , an〉 is weakly isotropic if and only if there are wi ∈ σ(F )
such that

∑n
i=1 aiwi = 0 ([Pre84, Proposition 2.7]). A form that is not weakly

isotropic is called strongly anisotropic. Clearly, every form that is definite at some
ordering is strongly anisotropic, so every weakly isotropic form is totally indefinite.
The converse is false in general.

Fact 1.1. Let F be a formally real field.

(1) If ũ(F ) is finite, then F satisfies SAP.
(2) F satisfies SAP if and only if every totally indefinite form is weakly isotropic.

Hence ũ(F ) = û(F ) for a SAP-field F .
(3) If F is Pythagorean, then u(F ) = û(F ) = 0.

Proof. (1) This is [ELP73, Theorem B].
(2) This follows from [ELP73, Theorem C] together with [Brö74, Folgerung 2.12].
(3) This is immediately clear from the equivalent definition of “weakly isotropic”,

since over a Pythagorean field σ(F ) = (F×)2. �

If F is formally real, then u(F ) is always even (if it is finite), since every torsion
form has to have signature 0 and hence even dimension. If, in addition, I3F is
torsion-free, then ũ(F ) is even as well (if it is finite); cf. [ELP73, Theorem H]. In
[Bec06b, Remark 5.5(2)] the question was raised if û(F ) will always be even, at least
assuming I3F is torsion-free. Changing “totally indefinite” to “weakly isotropic”
in the proof of [ELP73, Theorem H] shows this to be true; the proof works without
further modifications. Thus, we have:

Proposition 1.2. Let F be a formally real field satisfying I3F is torsion-free. If
û(F ) is finite, then û(F ) is even.

Thus, all the possible values for û(F ) are known when I3F is torsion-free (cf.
[Hof01] in the case û(F ) = ũ(F ) <∞ and [Bec06b] in the case û(F ) < ũ(F ) =∞).

We begin with some basic observations.

Proposition 1.3. (1) If [K : F ] is finite and odd or K/F is purely transcen-
dental then û(F ) ≤ û(K).

(2) If F is formally real, then û(F ((t))) <∞ if and only if F is Pythagorean.
In particular, û(F ((t))) <∞ if and only if û(F ((t))) = 0.

(3) There exists a field F and a formally real extension K/F with [K : F ] = 3
such that û(F ) <∞ but û(K) =∞.

Proof. (1) This follows from Springer’s Theorem.
(2) If F is Pythagorean, then so is F ((t)). Thus û(F ((t))) = 0 by Fact 1.1.

Conversely, if F is not Pythagorean then there exists w ∈ σ(F ) that is not a
square. Then the form ϕn = n〈1〉 ⊥ 〈t,−wt〉 is anisotropic and weakly isotropic
over F ((t)) for every n, so û(F ((t))) =∞.

(3) Let F0 be any formally real, Pythagorean field with a field extension K0/F0

of degree 3 such that K0 is not Pythagorean. Let F = F0((t)) and K = K0((t)).
Then û(F ) = 0 and û(K) =∞ by (2). �

Statements (1) and (3) in the Proposition hold with ũ(F ) in place of û(F ). The
corresponding statement to (2) is: if F is formally real, then ũ(F ((t))) < ∞ if



4 CLAUS SCHUBERT

and only if F is Euclidean, i.e., F is Pythagorean and has a unique ordering (cf.
[ELP73, Proposition 1]). The additional conclusion that F has a unique ordering,
however, is false in the case of û(F ((t))). In fact, any ordering space (X,G) of finite
chain length is realizable as the ordering space XF of some Pythagorean field F ,
and thus û(F ((t))) = 0 even though |XF | may equal any n ∈ N or ∞.

2. Going Down under Quadratic Extensions

A. Prestel showed that for any given n ≥ 2 there is a formally real field F and
formally real extension F (

√
a) such that ũ(F (

√
a)) = 2n and ũ(F ) = ∞ ([Pre78,

Theorem 3.3]). We show in this section that this construction yields the analogous
statements for the û(F )-invariant.

Theorem 2.1. For every 2 ≤ n <∞ there is a field F and a formally real extension
F (
√
a) with û(F ) =∞ and û(F (

√
a)) = 2n.

Proof. The construction from the proof of [Pre78, Theorem 3.3] can be used without
modifications; one only has to show that û(F ) =∞ still.

Let Q̃ denote the algebraic closure of Q in R and x1, . . . , xn ∈ R algebraically

independent over Q̃. Let K = Q̃(x1, . . . , xn) and let x ∈ R be positive and tran-
scendental over K. Let K1 = K(x)( 2m

√
x | m ∈ N) with valuations v1 induced by

the ordering of R and v2 the unique extension of the place induced by x = 0 from
K(x). Let Hi be the Henselizations of K1 with respect to vi and F = H1 ∩ H2.
Consider the forms ϕn = n〈1〉 ⊥ 〈x1,−x1(1 + x22)〉 with n ∈ N, which are weakly
isotropic over F . If ϕn is isotropic for some n, then (ϕn)H2

is isotropic as well and
thus (using the place induced by x = 0), (ϕn)K is isotropic, a contradiction. Thus
û(F ) = ∞. Now let a = m2x − 1 ∈ F× for some m satisfying a > 0 in R. Then
following the proof of [Pre78, Theorem 3.3], we have ũ(F (

√
a)) = 2n, and thus

û(F (
√
a)) = 2n by Fact 1.1. �

Remark 2.2. Just as in the case of the u-invariant and Hasse number, û(F ) ≤
2 will go down any quadratic extension: for any formally real field F we have
u(F ) ≤ 2⇒ û(F ) = u(F ) ([Bec06b, Proposition 5.3]). Thus if û(F (

√
a)) ≤ 2 then

u(F (
√
a)) ≤ 2, so by [EL76, Corollary 4.13], u(F ) ≤ 2 and hence û(F ) ≤ 2.

3. Reduced Stability and Going Up under Quadratic Extensions

L. Bröcker showed that if K/F is algebraic, then strK ≤ str F + 1 [Brö74, Satz
4.3] and if K/F is purely transcendental of transcendence degree n then str(K) ∈
{str F + n, str F + n + 1} [Brö74, Satz 4.9]. R. Bos showed that if K/F is any
finite field extension such that all orderings of F extend to K, then str F ≤ strK
(Corollary 6.13 in [Bos84], which unfortunately remains unpublished and is not
widely available). A different proof, due to K. Becher will appear in a forthcoming
article. The absolute stability sta F of F is defined to be the minimum n ∈ N such
that In+1F = 2InF (or ∞ if no such n exists). Clearly, str F ≤ sta F and we have
equality if F is Pythagorean. By [EL76, Corollaries 4.6 and 4.7], sta F increases by
at most 1 (and does not decrease) when going up a quadratic extension.

Note that if str F ≤ 1 then F satisfies SAP, so û(F ) = ũ(F ) by Fact 1.1. Then
finiteness of ũ(F ) (and hence û(F )) goes up any quadratic extension by [EP84,
Corollary 2.6]. Also, the u-invariant goes up a quadratic extension whenever the
base field has finite u-invariant and reduced stability ([Sch07, Theorem 3]). The
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following theorem shows that the û-invariant may go from finite to infinite when
going up a quadratic extension even if the base field has finite reduced stability.
Thus, in a sense the û-invariant is the least “well-behaved” invariant of the three.

Theorem 3.1. For every 1 < n ≤ ∞ there exists a formally real field F and a
formally real quadratic extension K/F such that str F = n, u(F ) = û(F ) = 0,
u(K) <∞ (if n <∞), and û(K) =∞.

Proof. Let (X1, G1) be the space of orderings of R, and (X2, G2) the space of
orderings of R((t1))((t2)) . . . ((tn−1)) if n ∈ N, or R((t1))((t2)) . . . if n =∞, so that
|X1| = 1 and X2 is a fan of size |X2| = 2n−1 (or |X2| = ∞ if n = ∞). Let (X,G)
denote the direct sum (X1, G1) ⊕ (X2, G2). We will identify G with G1 × G2. By
[Mar96, Theorem 4.1.1(1)], (X,G) is a space of orderings. Let g = (1G1 ,−1G2) ∈ G.
Then X1 = H(g). Note that by [Mar96, Theorem 4.2.1], the chain length of X is
cl(X) = cl(X1) + cl(X2) ≤ 3. It follows (cf. [Mar96, Chap. 4.2]) that (X,G) is
realizable as the space of orderings of a Pythagorean field F0 with G = F×0 /σ(F0) =
F×0 /(F

×
0 )2. As fans are completely contained in connected components of (X,G),

we have str F0 = n− 1.
Pick a representative a ∈ F×0 of the square class g ∈ G, so that |H(a)| = 1. The

only ordering of F0 that extends to K0 = F0(
√
a) is the unique α ∈ H(a), and there

are two corresponding orderings in XK0 , one making
√
a positive and one making√

a negative. Thus, |XK0 | = 2 and |GK0 | = 4 and hence strK0 = 1. In particular,
K0 is formally real and not Pythagorean.

Let F = F0((t)) and K = K0((t)). Then F is Pythagorean, so û(F ) = 0, and
str F = str F0 + 1 = n. Pick any totally positive element w in K0 that is not a
square. Then ϕ = m〈1〉 ⊥ t〈1,−w〉 is anisotropic and weakly isotropic over K for
any m which shows that û(K) =∞. Finally, if n <∞ then u(K0) <∞ by [Sch07,
Theorem 3], and thus u(K) = 2u(K0) <∞. �

Remark 3.2. The proof of Theorem 3.1 can be modified to construct a formally
real quadratic extension K/F satisfying str F = n and strK = m for any 1 ≤ m ≤
n ≤ ∞. A more precise version of this result will appear in a forthcoming article.

[EP84, Theorem 5.1] gives a counterexample to finiteness of û(F ) going up a
formally real quadratic extension with the base field satisfying û(F ) 6= 0. In this
example, however, we have str F =∞.

Proposition 3.3. There exists a formally real field F and a formally real quadratic
extension F (

√
a) such that û(F ) = 2 and û(F (

√
a)) =∞.

Proof. By [EP84, Theorem 5.1], there exists a formally real field F and a formally
real quadratic extension F (

√
a) with u(F ) = 2 and u(F (

√
a)) =∞. Thus û(F ) = 2

by [Bec06b, Proposition 5.3], and clearly û(F (
√
a)) =∞. �

4. The û-Invariant and the Property S1

We recall the following definitions (cf. [PW79]): First, a form ϕ is said to be
almost isotropic if for every diagonalization ϕ ∼= 〈a1, . . . , an〉 there exists some
m ∈ N such that m〈a1〉 ⊥ 〈a2, . . . , an〉 is isotropic. Second, a formally real field
F is said to satisfy the property S1 if any quadratic form 〈1,−w〉 with w ∈ σ(F )
represents every coset of F× modulo σ(F ).
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In this section, we will use the relationship

almost isotropic ⇒
⇐

iff S1

weakly isotropic ⇒
⇐

iff SAP

totally indefinite

to prove some statements about û(F ) under the assumption that F satisfies S1 that
are analogous to statements about ũ(F ) under the assumption that F satisfies SAP
and S1. The implications from left to right are clear. The statement “SAP if and
only if (totally indefinite ⇒ weakly isotropic)” is Fact 1.1(2). Thus, there is only
one statement to prove:

Proposition 4.1. Let F be a formally real field. Then F satisfies S1 if and only
if every weakly isotropic form over F is almost isotropic.

Proof. The proof of “only if” is implicit in the proof of (3)⇒(4) in [PW79, Theorem
2]. Conversely, assume that every weakly isotropic form over F is almost isotropic.
Let w ∈ σ(F ) and a ∈ F×. We wish to show that 〈1,−w〉 represents some coset of
a modulo σ(F ). Now 〈1,−w〉 is torsion, hence the form ϕ ∼= 〈1,−w,−a〉 is weakly
isotropic. By assumption, ϕ is almost isotropic, so there exists some m such that
〈1,−w〉 ⊥ m〈−a〉 is isotropic, say x21 − wx22 − a

∑m
i=1 y

2
i = 0. Let w1 =

∑m
i=1 y

2
i ∈

σ(F ). Then 〈1,−w,−aw1〉 is isotropic and hence 〈1,−w〉 represents aw1. �

Remark 4.2. This proposition should be compared with the analogous statement
[PW79, Theorem 1] which says that a formally real field F satisfies S1 and SAP if
and only if every totally indefinite form over F is almost isotropic.

Corollary 4.3. If F is formally real and û(F ) <∞, then F satisfies S1.

Proof. By Proposition 4.1, it suffices to show that every weakly isotropic form
is almost isotropic. Let ϕ ∼= 〈a1, . . . , an〉 be weakly isotropic. Then certainly
for any m ∈ N, the form m〈a1〉 ⊥ 〈a2, . . . , an〉 is weakly isotropic as well. In
particular, picking m ≥ û(F ) − n + 2, this form has to be isotropic. Thus ϕ is
almost isotropic. �

Corollary 4.4. (1) If K/F is a finitely generated, formally real extension of
transcendence degree ≥ 2, then û(K) =∞.

(2) There exists a hereditarily Pythagorean field F with û(F (t)) =∞.

Proof. (1) By [EP84, Lemma 4.4], no such field K will satisfy S1. Thus û(K) =∞
by Corollary 4.3.

(2) By [Mei82, Satz 6] there exists a hereditarily Pythagorean field F such that
F (t) does not satisfy S1. Thus û(F (t)) =∞ by Corollary 4.3. �

As another application of Corollary 4.3, we show that every formally real field
F with û(F ) < ∞ satisfies the property WD (“weak decomposition property”)
introduced by K. Becher in [Bec06a]: F is a WD-field if every form ϕ over F can
be decomposed as ϕ ∼= ψ ⊥ β1 ⊥ . . . ⊥ βr where ψ is strongly anisotropic and βi
are binary torsion forms (possibly r = 0).

Proposition 4.5. If F is a formally real field satisfying S1, then every weakly
isotropic form ϕ contains a binary torsion subform. (In particular, ϕ represents
every coset of F×/σ(F ).)
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Proof. Let ϕ be a weakly isotropic form over F , say ϕ ∼= 〈a1, . . . , an〉. By Propo-
sition 4.1, ϕ is almost isotropic. Hence there exists an m ∈ N such that m〈a1〉 ⊥
〈a2, . . . , an〉 is isotropic. In particular, there exists a totally positive element w ∈
σ(F ) such that 〈wa1, a2, . . . , an〉 is isotropic. Thus, 〈a2, . . . , an〉 represents −wa1,
say 〈a2, . . . , an〉 ∼= 〈−wa1〉 ⊥ ϕ1. Then ϕ ∼= 〈a1,−wa1〉 ⊥ ϕ1 as needed. �

Proposition 4.5 and Corollary 4.3 immediately give

Corollary 4.6. Let F be a formally real field. If F satisfies S1, then F is a WD-
field. In particular, this is the case if û(F ) <∞.

The converse of Corollary 4.6 is false:

Example 4.7. Let F be a hereditarily Pythagorean number field that is not Eu-
clidean. By [Mei82, Satz 6], F (t) does not satisfy S1, but it satisfies WD, cf.
[Bec06a, Example 4.3(4)].

We have the following weak converse of Corollary 4.3.

Proposition 4.8. Let F be a formally real field with u(F (
√
−1)) < ∞ and satis-

fying S1. Then û(F ) <∞.

Proof. Assume u(F (
√
−1)) < ∞. It follows that u(F ) < ∞ (see for example

[EKM08, Theorem 37.4]), and hence the Pythagoras number p(F ) < ∞. In com-
plete analogue to the proof of [EP84, Theorem 2.5], if ϕ is a weakly isotropic form
over F of large enough dimension, then ϕ ∼= ψ ⊥ 2p(F )〈x〉 for some x ∈ F×. The
form ψ ⊥ 〈x〉 is then weakly isotropic as well, so it is almost isotropic by Proposition
4.1. Thus, ϕ is isotropic. �

Corollary 4.9. Let F be a formally real field with finite reduced stability. Then

u(F ) <∞ and F satisfies S1 ⇔ û(F ) <∞.

Proof. “⇐”: F satisfies S1 by Corollary 4.3, and u(F ) ≤ û(F ) <∞.
“⇒”: By Proposition 4.8, it suffices to show that u(F (

√
−1)) < ∞. Since

str F <∞ and u(F ) <∞, this follows from [Sch07, Corollary 1]. �

Remark 4.10. If in Corollary 4.9 we have str F ≤ 1, then in fact ũ(F ) is finite
by [EP84, Theorem 2.5]. Corollary 4.9 is an appropriate generalization of this. In
the case of the Hasse number, finiteness of ũ(F ) already implies str F ≤ 1, but
finiteness of û(F ) does not imply str F <∞ as Example 4.11 shows.

Example 4.11. Let F = R((t1))((t2))((t3)) . . ., the field of iterated Laurent series
in infinitely many variables over R. Then û(F ) = 0 as F is Pythagorean (cf. Fact
1.1), but str F = ∞. In particular, the converse of Proposition 4.8 is false, since
u(F (

√
−1)) =∞.

Theorem 3.1 shows that finite u-invariant and finite reduced stability together are
not sufficient for finite û-invariant. Theorem 4.12 below shows that the condition
S1 together with finite u-invariant are not sufficient either. The proof was shown
to me by K. Becher. Note that the Pythagorean index pind(A) of a central simple
algebra A over a field F is defined in [Bec06b] as the (Schur) index of A over the
Pythagorean closure of F .

Theorem 4.12. There exists a formally real field F with u(F ) = 4, satisfying S1,
and û(F ) =∞.
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Proof. Let F1 be a formally real field and Q1 a quaternion division algebra over
F1 whose norm form is torsion, e.g., F1 = Q and Q1 = (−1, 7). Now suppose we
have a formally real field Fn with a division algebra An = Q1⊗Q2⊗ · · · ⊗Qn such
that pind(An) = 2n−1. Let F ′n+1 = Fn(xn, yn) where xn and yn are indeterminates
over Fn, and let Qn+1 be the quaternion algebra (xn, yn). Then An+1 = Q1 ⊗
Q2 ⊗ · · · ⊗ Qn+1 is a division algebra over F ′n+1 with pind(An+1) = 2n. Now
let Fn+1 be the compositium of all function fields F ′n+1(ϕ) where ϕ is a weakly
isotropic form of dimension > 2n+ 2 or a torsion form of dimension > 4 over F ′n+1.
Just as in the proof of [Bec06b, Theorem 5.4], it follows that An+1 is a division
algebra with pind(An+1) = 2n over Fn+1. Furthermore, we have u(Fn+1) ≤ 4 and
û(Fn+1) ≤ 2n+ 2.

After having thus defined recursively a tower of fields (Fn)n∈N, let F = ∪n≥1Fn.
From the above construction, we have a family of quaternion algebras {Qi : i ∈ N}
over F such that, for every n ∈ N, An = Q1⊗Q2⊗ · · · ⊗Qn has ind(An) = 2n and
pind(An) = 2n−1. We define forms ψn inductively: let ψ1 = 〈1,−x1,−1−y21 , x1(1+
y21)〉 and if ψn = 〈1〉 ⊥ ψ′n, let ψn+1 = 〈1,−xn+1,−yn+1〉 ⊥ −xn+1yn+1ψ

′
n. Note

that the index of An equals 2n, dimψn = 2n+ 2, and the Clifford algebra of ψn is
M2(An). Thus, each ψn is anisotropic. Also note that each of these forms contains a
form similar to ψ′1 and hence is weakly isotropic. Thus, û(F ) =∞. Since u(F ) ≤ 4,
we have u(F ) = 4 by [Bec06b, Proposition 5.3]. Finally, each Fn satisfies S1 by
Corollary 4.3, so F does as well. �

5. Finite Field Extensions that Preserve Orderings

We show that at least in case F only admits finitely many orderings, the property
S1 will go up totally positive quadratic extensions and down any finite extension
K/F such that all orderings of F extend to K. This will lead to Going Up/Going
Down-results in those cases.

Proposition 5.1. Let F be a formally real field satisfying S1, and assume |XF | <
∞. Let w ∈ σ(F ). Then F (

√
w) satisfies S1.

Proof. We may assume w is not a square in F . First note that |XF (
√
w)| = 2|XF |

is finite as well. [Mei82, Satz 7] shows that a formally real field K with finitely
many orderings satisfies S1 if and only if for all real valuations v : K× → Γv with
Γv 6= 2Γv, the residue class field Kv is Pythagorean.

Assume that F satisfies S1. Let v′ : F (
√
w)× → Γv′ be a real valuation with

Γv′ 6= 2Γv′ and denote by v its restriction to F . Then Γv 6= 2Γv as well and

hence F v is Pythagorean by assumption. Since F (
√
w)v′/F v is a totally positive

extension, F (
√
w)v′ = F v is Pythagorean as well. �

Corollary 5.2. Let F be a formally real field satisfying |XF | <∞ and û(F ) <∞.
Let w ∈ σ(F ). Then û(F (

√
w)) <∞.

Proof. Assume that û(F ) is finite. By Corollary 4.3 and Proposition 5.1, this
implies that both F and F (

√
w) satisfy S1. Also, finiteness of the u-invariant

is preserved when going up a totally positive extension ([EL76, Theorem 7.4]).
Finally, since every formally real field with finitely many orderings certainly has
finite reduced stability, Corollary 4.9 implies that û(F (

√
w)) is finite. �
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Proposition 5.3. Let F be a formally real field satisfying |XF | < ∞ and K/F a
finite extension such that all orderings of F extend to K. Assume K satisfies S1.
Then F satisfies S1.

Proof. We will again use the characterization of S1 used in the proof of Proposition
5.1. Note that since K/F is finite, each ordering of F extends to K in finitely many
ways; thus, |XK | <∞ as well.

Assume that K satisfies S1. Let v : F× → Γv be a real valuation of F with
Γv 6= 2Γv. Then v extends to a real valuation v′ : K× → Γv′ since all orderings of
F extend toK. Then also Γv′ 6= 2Γv′ (as |Γv′/2Γv′ | = |Γv/2Γv|) and by assumption,
Kv′ is Pythagorean. Since [Kv′ : F v] <∞, this implies F v is Pythagorean as well,
and so F satisfies S1. �

Corollary 5.4. Let F be a formally real field satisfying |XF | < ∞. Let K be a
finite extension of F such that all orderings of F extend to K. If û(K) <∞, then
û(F ) <∞.

Proof. Assume that û(K) is finite. By Corollary 4.3 and Proposition 5.3, this
implies that K and hence F satisfy S1. Also, since u(K) < ∞ and K has finite
reduced stability, we have u(F ) < ∞ by [Sch07, Theorem 3]. Again, by Corollary
4.9, û(F ) is finite. �

Remark 5.5. Even though it is reasonable to conjecture that the results in this
section hold without the restriction of |XF | being finite, they cannot be proved in
this more general case using the above method. While the residue class fields in
the above proofs will still be Pythagorean, this is no longer enough to imply S1 if
the field in question has infinitely many orderings.

The author would like to thank K. Becher for many useful discussions that
improved the content and exposition of this article.
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